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Abstract— This paper revisits Dynamic Time Warping, a
method for assessing the dissimilarity of time series. In partic-
ular, this paper provides theoretical and experimental evidence
showing that uncritical normalizing the length of the time series
to be compared has a detrimental effect on the recognition
accuracy in application domains such as on-line signature
recognition, where the length of compared time series matters
for their classification as match or non-match.

I. INTRODUCTION

Dynamic Time Warping (DTW) is an algorithm for align-
ing two time series (sequences of values at successive points
in time) that are similar, but out of sync and generally not
of exactly the same length, in such a way that the “distance”
between the two time series is minimal. This minimal
distance is used to characterize the dissimilarity of the two
time series. If their distance is greater than a threshold value,
the two time series are not regarded as similar; otherwise,
they are recognized as similar. DTW has been used for many
years in various application domains [1], including speech
recognition (e.g. [2], [3]), “data mining” (e.g. [4]), and
the recognition of on-line signatures, handwritten signatures
captured by means of a graphic tablet and/or a special pen in
the form of time series for the pen position (x and y coordi-
nates) and possibly other values such as the pen-tip pressure
(e.g. [5]). Section II of this paper briefly recapitulates the
basic DTW algorithm and useful improvements reducing the
runtime and memory requirements.

In on-line signature recognition, DTW may be applied to
the entire signature or to signature segments [6]. DTW may
be applied in combination with methods for the statistical,
spatial, and spectral analysis of signatures [7] or as a rather
self-sufficient method. The recently standardized signature
data interchange formats [8] are suitable not only for encod-
ing acquired on-line signature data that serve as a starting
point for feature extraction, but also support encoding of
time series to be compared directly by DTW algorithms.
Using the improvements reviewed in Section II-D, the time
and space complexity of DTW algorithms can be reduced
significantly, making them efficient enough for application
in devices with scarce resources, like mobile platforms [9]
or even smart cards [10].

Even though in the different application domains essen-
tially similar DTW algorithms are used, there are domain-
specific differences: In [11], C.A. Ratanamahatana and
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E. Keogh argue for normalizing the length of the time series
to the same length by interpolating and resampling before
applying DTW in data mining domains such as handwritten-
character recognition, video retrieval, or text mining. The
reason why they recommend length normalization is that
same-length time series in a database can be indexed very
easily, to reduce the search space for fast one-to-many
comparison, but time series of different lengths cannot be
indexed so easily [4]. [11] states that

“an extensive literature search through more than
500 papers dating back to the 1960’s failed to
produce any theoretical or empirical results to
suggest that simply making the sequences to be
of the same length has any detrimental effect.”

The present paper shall fill this gap by providing experi-
mental evidence showing that, in application domains such
as on-line signature recognition, making the time series to
be of the same length does have a detrimental effect on
the recognition accuracy. Even without looking at the em-
pirical results, a simple Gedanken-experiment in Section III
may convince the reader of the detrimental effect on the
recognition accuracy that normalizing the length of the time
series may have in on-line signature recognition. Section IV
presents empirical results obtained using a publicly available
subset of the database [12], consisting of on-line signature
samples of 100 persons. For signatures of different length,
DTW has been carried out with both, the original lengths
and normalized lengths, and the recognition accuracy in both
cases has been compared.

1I. DYNAMIC TIME WARPING
A. Optimization problem

Let A = (a;)i=1,..,;r and B = (bj);j=1,...7 be two time
series of length I and J that represent a biometric sample to
be verified and a biometric reference, respectively. For on-
line signatures, each a; and b; itself is a vector consisting of
the x and y coordinates of the pen position at a sample point
and possibly other values, like the pen-tip velocities in x and
y direction or the pen-tip pressure. Let distance(a;, b;) be a
point-to-point distance between a; and b;. The point-to-point
distance between a; and b; can be defined in different ways,
e.g. as the Euclidean distance or as the absolute value norm
of the difference vector of a; and b;.

The goal of DTW is to determine a mapping between the
time series A and B minimizing the sum of the point-to-point
distances of corresponding sample points while observing
certain side conditions. The side conditions are that the start
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Fig. 1. “Warped” time series

and end points of the signatures to be compared must be
mapped one on the other, that the temporal ordering of
the sample points must be maintained, and that no sample
point be omitted. Fig. 1 (from a presentation version of [4])
visualizes the idea. The time axes are in some way stretched
in some places and squeezed in other places to map sample
points in an optimal way such that the distance of the two
time series is as small as possible.

More formally, let w be a warping function that assigns to
each k, 1 < k < K with max([,J) < K < I+ J, an index
pair (ix, jr) such that w(1l) = (1,1), w(K) = (I,J), and
Ogikfz'k,lgland()gjkfjk,l§1f0r2§k§K.
The set of index pairs W = {(1,1),...,(I,J)} described
by a warping function w can be considered as a distortion
path through the plane spanned by the time axes of A and
B (see Fig. 2). Let W be the set of all possible distortion
paths for A and B. If the distortion path is the diagonal from
(1,1) to (I, J), then the time distortion is linear. The farther
off the diagonal it is, the more non-linear it is.

The accumulated distance dyy (A, B) between A and B for
a given distortion path W is the sum of the point-to-point
distances distance(a;, b;) along this distortion path:

dw (A, B) = Z distance(a;, b;).
(i.5)eW

The goal is to determine a distortion path for which the
accumulated distance between A and B is minimal:

d(A,B) = V{/nelirflvdW(A’B)'

This is the optimal distortion path. The minimal distance
between A and B quantifies the dissimilarity of A and B.
Usually, the optimal distortion path is acquired by dynamic
programming (see Section II-C). Dynamic programming is a
time-consuming procedure. The computing time is reduced
by looking for the optimal distortion path only within a
limited band (Sakoe/Chiba band [3], see Section II-D).

B. Preprocessing of on-line signatures

Care must be taken that values are in the same range
when the point-to-point distances are determined. The goal
of preprocessing is to suppress insignificant information that
is expression of random variation without losing information

about biometric characteristics of an individual. Preprocess-
ing also helps to even out differences between data captured
with different capture devices. It may include:

o Translation: The values of A and B should be linearly
translated to be in the same domains.

« Rotation: If the direction of the signatures is different,
one of them should be rotated to fit to the other one.

o Normalization and scaling: Not all signatures of a
person have the same size. Their x and y coordinates
should be scaled appropriately.'

« Removal of the linear component from the x-time re-
gression line: The linear component of the x coordinates
(due to writing from left to right) may be removed.

o Applying a low-pass filter: High frequency portions of
the sample should be removed to suppress noise.

In the experiment described in Section IV, translation and
scaling were applied. The rotation of the samples, which is
a crucial preprocessing step in most instances, was omitted
since the samples of the used test database are already
aligned horizontally. As this step was omitted for both, DTW
with the original lengths and with normalized lengths, this
has no influence on the relative performance results.

C. Dynamic programming

The number of possible monotonically increasing paths
from (1,1) to (I, J) is very large, so testing the length of
all possible distortion paths to find the shortest one is too
costly. Finding the shortest distortion path is achieved by
dynamic programming algorithms.

Let D = (di’j)izl,.,,’f;jzl,m’J be a matrix whose entries
d; ; are the accumulated point-to-point distances of A and
B along optimal distortion paths to (i, 7). The accumulated
distance d; ; represents the length of the optimal distortion
path from (1,1) to (¢, 7). The idea is to recurrently calculate
dy j from already known values d;; with ¢ < 4’ and
j < 7 until d; ; is reached. d; ; represents the minimal
accumulated distance d(A, B) between A and B. Fig. 2
visualizes the idea: The shortest distortion path from (1,1)
to a certain point (4, j) (e.g. P = (5,7)) can be constructed
by connecting (7, j) to that predecessor whose accumulated
distance from (1,1) is shortest. Possible predecessors are
(i—1,75), i—1,5—1), and (i,5 — 1).

The accumulated distance from (1,1) to (4, 7) is obtained
by adding the point-to-point distance(a;,b;) to the accu-
mulated distance from (1,1) to that predecessor with the
shortest accumulated distance from (1,1). It is sufficient to
save an accumulated distance value for each matrix entry
since for biometric verification the result of interest is the
accumulated distance for the optimal distortion path and not
the actual distortion path. The algorithm can be expressed in
pseudo-code as follows:

FOR i=1 TO I d;o = oo NEXT i

FOR j=1 TO J dy; = oo NEXT j
doo=0

"Note that even though also not all signatures of a person take the same
amount of time, the length in time should not be normalized because it
helps to distinguish between originals and forgeries as will be seen later.



Fig. 2. Possible distortion paths

FOR i=1 TO I
FOR j=1 TO J
di,; = min(d;—1 5,d;i—1,j-1,d; j—1) + distance(a, b;)
NEXT j
NEXT 4
RETURN d; ;

The additional column and row with index O are intro-
duced to deal with the special cases ¢ = 1 and j = 1.

D. Improvements of the algorithm to reduce runtime and
memory requirements

The time and space complexity of the DTW algorithm is
one of its drawbacks. Since the accumulated distance matrix
has I - J entries, the complexity is O(n?) where I ~ J ~ n.
This is especially problematic for embedded systems that
often have very limited resources.

This complexity can be reduced significantly. For match-
ing biometric samples, the optimal distortion paths run near
the diagonal. Therefore, it is sufficient to consider only paths
lying completely inside a band around the diagonal from
(0,0) to (I,J), as shown in Fig. 3a. This is achieved by
adjusting the boundary conditions of the for-loops and setting
d; ; = oo for all (4,) with | — j| > r. Such a band [3] is
called Sakoe/Chiba band. It contains all index pairs (i, )
with |i — j| < r. The width of the band is 2r. If the matrix
is quadratic, the slope of this band is 45°and it holds O(n)
index pairs.

The Itakura parallelogram [2], illustrated in Fig. 3b, may
include even less index pairs. Here, the basic idea is to allow
only small distortions in the beginning and end of the time
series, while bigger ones are accepted in the middle. The
implementation is a bit more elaborate than the Sakoe/Chiba
band, and its use is not as widespread.

Using either of these approaches, the time and space
complexity of DTW can be reduced to O(n). The required
memory space can even be constant (space complexity O(1))
when using Sakoe/Chiba bands or Itakura parallelograms of
fixed size, independent from the length of the time series.

Both approaches are easier to implement with quadratic
distance matrices, but also work with non-quadratic ones.
The accumulated distance matrix is quadratic if I = J, which
is generally not the case. There are two ways to solve this
problem:

o Adapt the algorithm, so it can handle Sakoe/Chiba
bands or Itakura parallelograms around diagonals with
a slope angle other than 45°.

o Normalize A and B by interpolating one time series and
resampling it with the same number of sample points as
the other. Then apply the DTW algorithm in its simpler,
quadratic form.

Normalizing the length is easy to implement, but may
degrade the recognition accuracy. This will be investigated
in the following sections.

In the experiment described in Section IV, we used a
DTW implementation with a Sakoe/Chiba band both with
and without length normalization. The optimal width of the
band was determined empirically as 10% of max(I,.J).

III. GEDANKEN-EXPERIMENT

Assume that a skilled forger is able to perfectly replicate
the shape of a signature, but doing so, takes him longer than
the original signing does. This assumption appears plausible.
If the forged signature is length-adjusted to the reference
signature before determining the distance between them both,
then the temporal dissimilarity between a perfectly shaped
forgery and an original is evened out, and the forgery cannot
be detected. Therefore, the elapsed time can be expected to
matter in distinguishing between original and forged on-line
signatures.

Because it is not clear how big the detrimental effect of
length normalization is in practice, this is investigated in the
following section.

IV. EMPIRICAL EXPERIMENT
A. Design of the experiment

The hypothesis is that normalizing the on-line signatures
to the same length in time will lead to more false accepts
of forged signatures than if the length in time of the on-line
signatures is not normalized. We have tested this hypothesis
by trying both, normalizing the lengths of signatures to the
same length before DTW comparison and doing the DTW
comparison with the original lengths.

A publicly available subset of the database [12], consisting
of signature samples of 100 persons has been used for the
experiment. For each person’s signature, there are 25 genuine
samples and 25 skilled forgeries. In addition to the x and y
coordinates, each sample point vector includes a numeric
value representing the associated pen pressure. Each of the
250 genuine signature samples has been compared both to
the other 24 genuine samples of the same person and to the
25 forgery attempts. All distance values resulting from these
comparisons have been recorded. The recognition accuracies
in both cases have been calculated from the recorded distance
values and been compared with each other.



(a) Sakoe/Chiba band

Fig. 3.

B. Metric used

From the recorded distance values, for each genuine sam-
ple, the sample equal error rate (SEER) that is achieved when
comparing this sample with the corresponding genuine and
forged samples has been calculated. This metric can also be
applied in the a-posteriori quality assessment of handwritten
signatures [13].

The sEER is determined as follows: The sample false
match rate (SFMR) of a biometric sample is the proportion
of attempted forgeries of this sample that are falsely declared
to match that particular sample. The sample false non-match
rate (SFNMR) of a biometric sample is the proportion of
should-be matching samples that are falsely declared not
to match that particular sample. Both sFMR and sFNMR
depend on the threshold chosen for declaring a match or
non-match. The sEER of a biometric sample is the value of
sFMR and sFNMR at that threshold where both sFMR and
sFNMR are equal.

C. Results

Fig. 4 gives an overview of the SEER’s of all 100 probands,
with time normalization (left column) and without time
normalization (right column). Apparently, in many cases the
difference is significant. For example, look at the sEER’s
of the signatures of person 9. With time normalization the
mean SEER for person 9 is 12.3%, the lowest value being
5.7%. Without time normalization, i.e. when comparing the
samples in their original unaltered form, all SEER’s of person
9 are less than 3%.

Furthermore, the sEER’s of persons 83 and 93 show that
time normalization may cause outliers that are not there
without time normalization: One genuine signature of person

(b) Itakura parallelogram

Reducing the number of possible distortion paths

93 has a sEER of more than 45%, while the mean value of
the other SEER’s for that person is less than 5%. This outlier
occurs only when time normalization is applied.

The mean sEER of all signatures with respect to the DTW
algorithm using time normalization is 7.1%. The variance is
0.0114. Using no time normalization, the overall recognition
accuracy improves significantly. The mean sEER decreases
to 4.82%, the variance to 0.0065. This shows the detrimental
effect of normalizing the length of on-line signatures on the
recognition accuracy.

Furthermore, as could be expected, the length normal-
ization has no significant effect on the distance of genuine
signatures to the other genuine signatures of the same person.
The mean value of these distances is 38.945 with time
normalization and 39.852 without time normalization.

V. SUMMARY

This paper has shown that length normalization reduces
the recognition accuracy in application domains where the
length of the compared time series matters for their classifi-
cation as match or non-match. The results of [11] are limited
to application domains where the length of the time series
does not matter.

The lengths of the time series to be compared can be
normalized to the same length if one tries, for instance, to
recognize the shape of handwritten characters. However, the
time series to be compared should not be normalized to the
same length if one tries to verify handwritten signatures,
except on the condition that the elapsed time is taken into
account as a separate feature whose comparison score is
to be fused in some way with the length-normalized DTW
distance score. Often, forged signatures imitate the shape of
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the original quite well, but it takes longer to write them. This
difference is suppressed if the lengths of the two signatures
are normalized to the same length and if the elapsed time is
not otherwise taken into account.
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